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I. Introduction 

The ground-state electronic wave function of molecular hy­
drogen has been the subject of many experimental investigations 
including binary (e,2e) spectroscopy1'2 and Compton scattering.3 

Compton scattering experiments in general sample the momentum 
density due to all the electrons of the target. Binary (e,2e) 
spectroscopy4 on the other hand, samples selectively the mo­
mentum density of individual orbitals and provides a direct and 
sensitive experimental evaluation of molecular orbital wave 
functions. In the case of H2, the total momentum density is to 
a very good approximation that of the \at orbital. The generally 
good agreement of the momentum distribution of molecular hy­
drogen observed by the two different techniques has been dem­
onstrated in our recent study using binary (e,2e) spectroscopy.2 

The ground-state wave function of H2 has also been investigated 
by many elaborate theoretical ab initio calculations, and H2 is 
also the simplest test molecule for configurational interaction 
methods. Moreover, the hydrogen molecule involves the simplest 
(covalent) chemical bond and is thus suitable for the most fun­
damental studies of chemical binding and electronic structural 
properties. Earlier works by Berlin,5 Roux et al.,6 and Bader et 
al.7,8 involved position (charge) density difference (bond density) 
maps and the force concept. Other works by Bader and Preston9 

and by Feinberg et al.10,11 examined the behavior of the kinetic 
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and potential energy upon bond formation and the role of the Virial 
theorem in bond formation. 

The bond density in either position or momentum space is 
defined in the present study to be the density difference between 
the molecular density (PH2I„ ) a r ,d t n e density due to independent 
atoms (the independent atom model density, PIAM) at positions 
corresponding to the molecular nuclear geometry, i.e. 

Ap = 2pH2i„g - PFAM Oa) 

PIAM = PHIS + PHIS 0 b ) 

both at R, where R is the internuclear separation and p denotes 
the single electron density. It is possible to obtain the 
"experimental" (spherically averaged) momentum-space bond 
density using the experimental momentum distributions of the 
H21 o-g orbital and either the experimental or the exact theoretical 
momentum distribution of the Is orbital for the H atom. The 
momentum distribution for the Is orbital of atomic hydrogen has 
been determined recently in an elegant experiment by Lohmann 
and Weigold12 using binary (e,2e) spectroscopy. The measured 
result is found to reproduce the square of the exact solution of 
the Schrodinger equation in momentum-space. The only difficulty 
involved in obtaining the bond density is the normalization of the 
measured spherically averaged momentum density of H2 l<rg 

because the noncoplanar symmetric (e,2e) experiment in most 
cases measures only relative cross sections.4 In the present study, 
this problem is solved by employing a numerical procedure. The 
"experimental" momentum-space bond density thus obtained is 
compared with theoretical calculations by using H2 wave functions 
of different quality including extended Hartree-Fock (Ext-HF),13 
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Table I. Orbital Momentum Moments of H2 1 at Orbital (au) 

experimetnal" theory4 

moment 

(P2) 
(P1) 
(P0) 
(P-1) 
<P"2> 

O L D F 

6.36 
2.62 
2.00 
2.46 
2.86 

BSZ 

7.56 
2.96 
2.00 
1.96 
2.62 

TTP 

7.62 
2.96 
2.00 
1.92 
2.50 

Ex t -HF 

8.24 
3.18 
2.00 
1.82 
2.26 

L t d - H F 

7.86 
3.02 
2.00 
1.82 
2.26 

DZ 

7.20 
3.02 
2.00 
1.84 
2.26 

MBS 

6.92 
2.96 
2.00 
1.90 
2.40 

Leec 

8.32 (0.25) 
3.08 (0.02) 
1.99 (0.02) 
1.86 (0.02) 
2.34 (0.09) 

"The accuracy is expected to be about ±7%. 'The accuracy is about ±4%. Note that the various wave functions are Ext-HF,13 Ltd-HF,14 DZ,'5 

and MBS.16 cThe moments are evaluated by Lee3 by using a similar two-term polynomial optimization of the Compton scattering data. Uncer­
tainties are shown in parentheses. 

limited Hartree-Fock (Ltd-HF),14 double-zeta (DZ),15 and 
minimal basis set (MBS).16 In addition, the dependence of the 
bond density on the quality of the wave function is also examined 
by directional momentum-space and position-space density dif­
ference maps.2,5"9,17"20 Earlier studies2 of the bonding in H2 at 
large step spacings between internuclear separations of R = 8 and 
1 a0 have indicated that dramatic changes in momentum-space 
bond density occur between R = 2 and 1 OQ. Therefore, we have 
now extended the topographical study of the momentum-space 
bond density in H2 to explore in detail the critical range of R = 
2-1 a0 using the extended Hartree-Fock quality wave function 
of Das and Wahl.13 The present study provides a complementary 
look at chemical bonding phenomena of H2 in momentum and 
position space and further illustrates momentum-space chemical 
concepts.2,17,18,21"23 A three-dimensional representation is shown 
for the H2 101 single covalent bond in momentum-space. 

II. Estimation of the Orbital Moments and Normalization of 
the Momentum Distribution 

Binary (e,2e) spectroscopy has been discussed in considerable 
detail in earlier publications.4,22"24 In brief, the method measures 
the binding energy spectra and momentum distributions of 
electrons in individual orbitals by using high-energy electron 
impact and coincident detection of the two outgoing electrons. 
The measured cross sections are usually interpreted by using the 
plane wave impulse and target Hartree-Fock approximations, in 
which case the measured cross section can be shown to be pro­
portional to the spherically averaged momentum density of the 
y'th orbital, (p,(p)}.4 The momentum distributions are spherically 
averaged due to the random orientation of the gaseous targets. 
In practice, only relative cross sections are determined in binary 
(e,2e) experiments. In the present work, the spherically averaged 
momentum-space bond density of H2 1 <rg is obtained by eq 1 by 
using the experimentally determined momentum distribution2 of 
the H21 <Tg orbital (appropriately normalized) and the exact atomic 
hydrogen Is momentum distribution.12 The experimental mo­
mentum distribution of the H Is orbital has been shown to be in 
excellent agreement with the exact solution (squared) of the 
Schrodinger equation in momentum-space.12 The procedure for 
normalization of the relative spherically averaged momentum 
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Figure 1. Comparison of the spherically averaged experimental mo­
mentum distribution of the H2 l<rg orbital with the fitted semiempirical 
density functions: OLDF, BSZ, TTP. The BSZ and TTP functions are 
indistinguishable from each other. 

density of the H2 l<rg orbital to give an absolute density is outlined 
below. Briefly, an analytical function is fitted to the experimental 
spherically averaged momentum distribution by using a square 
residual minimization method.25,26 The nth-order momentum 
moments of the y'th orbital, (p"};, are then evaluated from the fitted 
function by using standard numerical integration techniques.25 

(2a) (p"),. = 4TT J(p/p))p"+ 2dp 

where )p/p)j is the spherically averaged momentum distribution 
of the/th orbital. The experimental distribution and the optimized 
analytical density function can be normalized by the zeroth-order 
moment. In the case of H2, we have 

(p°)1<7 = occupancy number of lag orbital =2 (2b) 

Three semiempirical analytical functions are used to approx­
imate (p(p)| of the H2 Xa1 orbital. These are: 

(i) orbital local density functional (OLDF) density 

|p(p)} = tf(p72 + flip + a2y
} 

(ii) best single-zeta (BSZ) density 

IP(P)I = K(?)(? + p2)"4 

(iii) two-term polynomial (TTP) density 

IP(P)) = AT1(Ti2 + P2)"4 + *2(72
2+ P2)"5 

The linear parameters, FCs, are normalization constants. Both 
the linear (FCs) and the nonlinear parameters (a's, Ts, and 7's) 
are optimized by fitting to the experimental momentum distri­
bution in the numerical procedure.26 The OLDF density form 
used here is that given by Pathak et al.27 and should strictly be 
used for the total momentum density of atoms in the local density 
functional approximation.28 The BSZ (best single-zeta) mo-

(25) Lootsma, F. "Numerical Methods for Non-Linear Optimization"; 
Academic Press: New York, 1972. 

(26) Moore, C. "Curve Fitting Routines"; The University of British Co­
lumbia, Computing Centre: September 1981; UBC CURVE. 

(27) Pathak, R. K.; Panat, P. V.; Gadre, S. R. Phys. Rev. 1982, A26, 3073. 
(28) Levy, M. Proc. Natl. Acad. Sci. U.S.A. 1979, 76, 6062. 
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mentum density corresponds to the square of the Fourier transform 
of a position-space Is Slater-type orbital29 with the f value op­
timized to give the best fit to the experimental momentum dis­
tribution. The two-term polynomial function (TTP) is used by 
Lee3 in his study of the total momentum density of H2 by high-
energy electron impact spectroscopy. It should be noted that the 
two-term polynomial function is essentially the BSZ function with 
an additional high-order term. 

Figure 1 shows the experimental momentum distribution of the 
H2 lffg orbital obtained recently by a high-momentum resolution 
binary (e,2e) spectrometer2,24 along with the fitted analytical 
density functions. It is obvious that all three semiempirical density 
functions give an excellent fit to the experimental data. The BSZ 
and TTP densities are indistinguishable from each other while 
the OLDF density is only slightly different from the BSZ and TTP 
densities in the low- and high-momentum region. 

Table I shows the orbital momentum moments calculated by 
using the optimized density functions. Orbital moments evaluated 
directly from ab initio SCF wave functions of different quality13"16 

are also given. These moments are compared with those reported 
by Lee.3 Clearly, there is an overall good agreement between the 
"experimental" orbital moments (less good for the higher moments 
(p2)) and the theoretical ones. The semiempirical BSZ and TTP 
moments are quite close to each other with the OLDF moments 
being noticeably different. In particular, the OLDF density 
significantly underestimates the average orbital moment ((p)). 
This deficiency is due to the form of the OLDF density, which 
in general will lead to a broader total momentum distribution even 
for atoms.27 The OLDF moments show that the reported form 
of the OLDF function27 is not adequate to represent the mo­
mentum density of small molecules like hydrogen. It is also evident 
from Table I that the "experimental" moments are slightly dif­
ferent from the theoretical ones. The estimated averaged orbital 
momenta (<p» are generally slightly lower than the theoretical 
ones. This suggests that the H 21 at orbital is actually less spatially 
diffuse (in position-space) than that predicted by the more so­
phisticated ab initio wave functions. It should be noted that the 
momentum distribution measured at a particular binding energy 
is in general related to the overlap form factor.4 In the target 
Hartree-Fock approximation,4 the form factor can be simplified 
to the orbital momentum density. It is also possible that small 
differences in the estimated orbital momenta (<p» between the 
experiment and theories may be attributed to the inadequacy of 
the target Hartree-Fock approximation. The results of binary 
(e,2e) spectroscopy involve vibrational averaging over the final 
ion state.4 The effects of this averaging on the comparison of 
experimentally determined momentum distributions and those 
calculated at a single R value are expected to be negligible as 
demonstrated by the work of Dey et al.30 on H2 and D2. 

III. Spherically Averaged Momentum-Space Bond Density 
Figure 2 shows the spherically averaged momentum-space bond 

density of H2. The right-hand section of Figure 2 shows the detail 
between 0.5 and 1.5 a0

-1. The constants optimized in the orbital 
moment estimation procedure are used to normalize the experi­
mental spherically averaged momentum distribution of the H2 l<rg 

orbital.2 The independent atom model density is obtained from 
the exact solution for the H Is orbital. Equation 1 is then used 
to calculate the bond density. Theoretical bond densities corre­
sponding to different quality wave functions of the H2 lag orbital 
are also given for comparison. 

Several interesting features are apparent. First, the spherically 
averaged momentum-space (p space) bond density consists of a 
negative well and a positive wing tailing off to p = <*> with the 
zero crossing point at p a* 0.8 A0""

1. Although the directional 
information is lost after the spherical averaging, one can see that 
a a bond is characterized by a transfer of momentum density 
(fractional current) from the low-momentum region to the 
high-momentum region. In addition, the variationally less superior 

(29) Komarov, F. F.; Temkin, M. M. J. Phys. B: 1976, 9, L255. 
(30) Dey, S.; McCarthy, I. E.; Teubner, P. J. 0.; Weigold, E. Phys. Rev. 

Lett. 1975, 34, 782. 
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Figure 2. Spherically averaged momentum space bond density of H2. 
Theoretical bond densities are evaluated by using H2 l<rg wave functions 
of different quality ranging between extended Hartree-Fock (Ext-HF),13 

limited Hartree-Fock (Ltd-HF),14 double-zeta (DZ),15 and minimal basis 
set (MBS).16 The wave function for atomic H is the exact solution of 
the Schrodinger equation.10 An exploded view of the bond density in the 
range 0.5-1.5 O0'

1 is given to illustrate the positive "wing" of the bond 
density. 

DZ15 and MBS16 wave functions have "deeper wells" (i.e., more 
negative minima) at the p-space origin and slightly sharper "wings" 
(positive maxima) than the more sophisticated ones.13,14 Fur­
thermore, the "experimental" bond density lies between the limited 
Hartree-Fock and the double-zeta quality bond densities at low 
momentum. It is, however, in closer agreement with the limited 
Hartree-Fock curve near the momentum origin. It should be 
noted2 that the experimental spherically averaged momentum 
distribution of the H2 1 <rg orbital gives generally good agreement 
with theoretical density functions calculated by using the limited 
Hartree-Fock and better quality wave functions. The momen­
tum-space bond density shows the differences between different 
wave functions more clearly than the straightforward comparison 
of the momentum distributions (see Figure 5b of ref 2). The 
momentum-space bond density is therefore an alternative way to 
evaluate wave functions by comparing with experimental (e,2e) 
data, at least in the special case of the hydrogen molecule where 
the bond density can readily be derived. 

IV. Directional Bond Density 
1. Wave Function Dependence. Except where otherwise stated, 

the density contour values of the directional bond density (density 
difference) maps used throughout the present study correspond 
to 80, 60, 40,20, ±8, ±6, ±4, ±2, ±0.8, and ±0.6% of the absolute 
maximum density difference value. Contours of negative density 
difference are shown as dashed lines. The directions of the cutting 
plane are defined by two vectors, i.e., the bond-parallel or in-
ternuclear (0,0,1) vector and the bond-perpendicular (0,1,0) vector. 
The projection plots on the right-hand side and on the top of the 
contour maps show the relative change in magnitude of the bond 
density function along and perpendicular to the internuclear axis 
(dotted lines), respectively. The position and momentum are in 
atomic units. 

Figure 3 shows the directional density difference maps corre­
sponding to H2 1 ffg wave functions of different quality ranging 
between extended Hartree-Fock (Ext-HF),13 limited Hartree-
Fock (Ltd-HF),14 double-zeta (DZ),15 and minimal basis set 
(MBS).16 The equilibrium internuclear separation (1.4 aa) has 
been used for the calculations shown in Figure 3. It should be 
noted that because of the nature of the DZ and MBS wave 
functions, the contour values for the momentum-space (p space) 
bond density (density difference) maps have been extended to 
include ±0.4, ±0.2, -0.08, -0.06, -0.04, and -0.02% of the ab­
solute maximum density difference value. 

It is evident that all four wave functions provide a qualitatively 
similar picture for the a bond. In general, the u bond in H2 in 
position-space (r-space) can be associated with the familiar 
"hamburger" picture, namely, density (fractional charge) accu­
mulation in the internuclear region and density depletion at the 
end regions of the molecule.8 In momentum-space (p-space) a 
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Figure 4. Three-dimensional surface plot of the density difference (bond 
density) of H2 in momentum and position space. The extended Har­
tree-Fock13 wave function at equilibrium internuclear geometry is used 
to generate the bond density surfaces. The bond density surfaces cor­
respond to ±2% of the maximum bond density values in the respective 
spaces. Positive bond density surfaces are shaded. 

complementary view of the a bond is obtained as discussed in our 
earlier work.2 In this "bone in a donut" (or torus) model,2 mo­
mentum density (fractional current) is depleted through the p-
space origin along the internuclear direction (the "bone" part) 
and is localized annularly in the high-momentum bond-perpen­
dicular region (the "donut"). Similar ideas have also recently been 
presented by Ramirez.20 It should be noted that the cylindrical 
symmetry of the a bond in r-space is preserved in p-space. This 
is, of course, a direct consequence of the Fourier transform 
properties discussed previously.2'18 A three-dimensional surface 
plot of the bond densities generated by using the Ext-HF wave 
function13 is shown in Figure 4 to better visualize the nature of 
the H2 1 (Tg bond in both p- and r-space. The bond densities for 
surfaces shown correspond to ±2% of the maximum bond density 
values in the respective spaces. 

Although all four wave functions show the same general density 
topographical features (see Figure 3), there are some important 
differences, especially between Ltd-HF and DZ. For the Ext-HF 
and Ltd-HF bond densities both the r-space and p-space bond 

densities, respectively, appear to be quite similar. The only no­
ticeable difference is in the end regions of the "bone" part. The 
major difference occurs between the Ltd-HF and the DZ bond 
densities. The pronounced change in the nature of the wave 
function can be seen in the r-space bond density whereby the 
bond-perpendicular ellipsoidal positive lobe of the Ltd-HF (and 
Ext-HF) becomes more spherical in the DZ (and MBS). This 
can be seen more clearly in the bond-parallel projection plots, 
which show the appearance of four well-defined positive maxima 
for the DZ (and MBS) instead of the flat positive "plateau" for 
the Ltd-HF (and Ext-HF). The negative lobe of the DZ not only 
has a relatively smaller amplitude but also is further away from 
the r-space origin. Even more dramatic differences can be seen 
in the p-space density difference maps. (Note that more contour 
lines with smaller bond density values are included for the DZ 
and MBS bond densities in Figure 3). The p-space bond of the 
DZ (and also MBS) is dominated by the negative "bone" structure, 
which appears also to be considerably broader than that of the 
Ltd-HF (and Ext-HF) one. The positive "donut" structure can 
only be seen when relative contour values below 0.1% of the 
maximum amplitude are used. In the case of the MBS wave 
function, its r-space bonding structure is even more inadequate 
as shown by the bond-parallel projection plot. The p-space "donut" 
structure is also slightly larger compared to the DZ one. 

2. Dependence of Internuclear Separation. Figure 5 shows the 
directional bond density (density difference) in both p-space and 
r-space corresponding to the extended Hartree-Fock quality wave 
function of Das and Wahl13 as a function of internuclear sepa­
ration, R. Earlier work by Bader and Chandra8 reported the 
r-space bond density maps evaluated by using the same Ext-HF 
wave function13 as a function of R. The present work studies the 
progress of bond formation in p-space over the critical separation 
range of 1.0 a0 < R < 2.0 a0. A preliminary study of bond 
formation over a more extensive range and wider spacing of 
selected R values has been given earlier.2 It should be noted that 
comparison can only be made within a single difference map since 
contour values are relative to the maximum bond density. The 
maximum bond densities in the contour planes are shown in Table 
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Figure 5. Directional density difference (bond density) maps in momentum and position space as a function of internuclear separation R. The extended 
Hartree-Fock13 wave functions at the corresponding R are used to generate the maps. The contour values are +80, +60, +40, +20, ±8, ±6, ±4, ±2, 
±0.8, and ±0.6% of the maximum absolute density difference values (see Table II). Contours of negative density difference are shown as dashed lines. 
The position and momentum are in atomic units. The internuclear (bond parallel) direction is along the (0,0,1) vector. 

II to give some indication of the global change as the H atoms 
approach each other. 

Bond formation as represented by this series of a bond density 
maps for H2 involves the transfer of density from the antibinding 
region to the binding region. The r-space binding region is, of 
course, the small r (i.e., internuclear) region with density extended 
preferentially in the bond-perpendicular direction while the an­
tibinding region is at large r outside the nuclei extending pref­
erentially in the bond-parallel direction.2 In contrast, the locations 
of the binding and antibinding regions in p-space are reversed. 
Specifically, the binding region in p-space is the annular (bond-
perpendicular) high p region while the antibinding region is 
centered at low p and distributed preferentially along the 
bond-parallel direction. Between R = 2.0 a0 and the equilibrium 

separation at 1.4 a0, the gradual charge accumulation in the 
r-space binding region is particularly obvious as shown in the 
bond-parallel projection plots. Further closer approach of the H 
atoms causes charge saturation in the internuclear region, causing 
the pileup of density at the maxima seen particularly clearly at 
R = 1.0 «o- A much more dramatic change can be seen in the 
p-space density difference. At R = 2.0 O0 the p-space bond density 
is in fact somewhat similar in shape to its r-space counterpart. 
In the R range of 2.0-1.4 a0, the penetration of the negative lobe 
of the p-space bond density into the positive lobe along the bond 
axis results in the formation of the binding "donut" structure. This 
dramatic change (in marked contrast to the r-space pictures which 
only change marginally) is remarkably obvious in both the 
bond-parallel and the bond-perpendicular projection plots. Most 
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Table II. Maximum Absolute Values of Bond Density as a Function 
of R0 

maximum 

r space 

0.0451 
0.0593 
0.0792 
0.0930 
0.113 
0.142 
0.178 
0.281 

bond density 

p space 

0.192 
-0.0769 
-0.122 
-0.197 
-0.276 
-0.354 
-0.433 
-0.585 

"R and the bond density are in atomic units. Note that the equi­
librium internuclear separation is 1.4 a0. 

notable is the change between R = 1.8 and 1.6 a0. Below the 
equilibrium internuclear distance (1.4 a0) closer approach of the 
H atoms results in the transfer of momentum density back into 
the antibinding bond-parallel high p region. The enclosure of the 
negative lobe by the positive lobe generates the unstable oval 
structure at R = 1.0 a0. 

The difference in density relocation in r-space and p-space is 
in accord with the Virial property.2,18 The formation of a stable 
system must be accompanied by the lowering of the total energy 
or equivalently by the raising of the kinetic energy. The kinetic 
energy (T) can be increased more effectively by transferring the 
density into the high-momentum bond-perpendicular region be­
cause the parallel component (T1) of the kinetic energy of a 
diatomic is smaller than the perpendicular component (Tx).

9'u 

The phenomenological change in p-space bond density upon bond 

Attempts to estimate the correlation energy in large molecules 
already have a rather long history. The simplest conceivable 
approach is based on the assumption of a constant value of the 
correlation energy for each type of bonding in the molecules.1"6 

Using the principle of additivity (or implicitly the linear depen­
dence of an appropriate type) the correlation energy is given as 
a sum of these bond contributions. Although this method cannot 
be applied in all problems where the correlation effects are im-

tComenius University. 
' Max-Planck-Institut. 

0002-7863/84/1506-5864S01.50/0 © 

formation is indicative of this Virial requirement.2 In this regard, 
Bader and Preston9 have shown earlier that the difference between 
the bond-perpendicular and bond-parallel components of the 
kinetic energy, (T1- T11)/T, reaches its maximum in H2 between 
R = 2.0 and 1.4 a0. The results of the present investigations are 
entirely consistent with the theoretical analysis of kinetic energy 
density in H2 given by Bader and Preston.9 The presently reported 
experimental studies of the distribution of bond density in mo­
mentum space are also consistent with the predictions made in 
the pioneering theoretical work of Coulson and Duncanson17 in 
1941 concerning the electron momentum distribution in a single 
bond. Finally, the p-space bond density maps complement the 
r-space bond density maps to provide a more complete bonding 
picture. Namely, the formation of a stable a bond in molecular 
hydrogen can be regarded as a transformation of the "slow" charge 
moving with a low momentum along the bond axis at the ends 
of the molecule to "fast" charge moving with a high momentum 
perpendicular to the bond axis in the internuclear space of the 
molecule. Clearly bond formation is manifested, in the present 
study, much more dramatically in momentum-space than in 
position-space. Since measurements are possible in p-space but 
thus far not in r-space, the use of momentum-space concepts and 
binary (e,2e) spectroscopy promises new vistas of chemical bonding 
in both experimental and theoretical work. 
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portant, it may be useful at least in one important topic, namely 
in estimation of reaction energies. 

The naive principle of additivity is not new. In the present 
context it has been used for a long time in thermodynamics (see, 
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Abstract: The MB-RSPT up to the fourth order was applied to the calculations of the correlation energies in the series of 
molecules (including C1 to C4 hydrocarbons and the oxygen-containing molecules) using the Gaussian DZ+P basis set. We 
analyzed the correlation effects which arise from individual types of excitations (single, double, triple, and quadruple) as a 
function of the number of electrons and the bonding situation in the molecule. The lowest value of the correlation energy 
per electron pair was found from a series of C1 to C3 alkanes. The correlation energy increases in molecules with a double 
C=C bond, oxygen-containing single bond, adjacent double C=C bonds (CH2CCCH2), and triple C=C bonds and is highest 
in molecules with multiple carbon-oxygen bonds adjacent to another multiple bond (CH2CCO). We also present the 
bond-correlation energies and examine the additivity of the bond-correlation contributions. 


